Abstract. Given Prym-Tyurin varieties of exponent q with respect to a finite group G, a subgroup H and a set of rational irreducible representations of G satisfying some additional properties, we construct a Prym-Tyurin variety of exponent [G : H]q in a natural way. We study an example of this result, starting from the dihedral group D p for any odd prime p. This generalizes the construction of [4] for p = 3. Finally, we compute the isogeny decomposition of the Jacobian of the curve underlying the above mentioned example.
Introduction
Consider a cartesian diagram of smooth projective curves with deg h i = d i ≥ 2. Then the Jacobian JX cannot be equal to JX 1 × JX 2 , since the genus g X of X is always bigger than the sum g X 1 + g X 2 . However, if the h i do not factorize via a cyclicétale covering for i = 1 and 2, then q * i : JX i → JX is injective for i = 1 and 2 and it is easy to see that q * 1 + q * 2 : JX 1 × JX 2 → JX is an isogeny onto its image. One might ask whether q * 1 + q * 2 is an embedding. This is certainly not the case if d 1 is not a divisor of d 2 (we assume that d 1 ≤ d 2 ), since then the type of the polarization on JX 1 × JX 2 induced by the canonical polarization would be (d 1 , . . . , d 1 , d 2 , . . . , d 2 ). However, if we assume d 1 = d 2 =: d, then the polarization would be the d-fold of a principal polarization and JX 1 × JX 2 would be a Prym-Tyurin variety of exponent d in JX. Recall that a Prym-Tyurin variety of exponent q in a Jacobian J is by definition an abelian subvariety of J on which the canonical polarization of J induces the q-fold of a principal polarization.
An example for this was given by Mumford in [5, p. 346] , where he showed that in the case of the above diagram with deg h i = 2 for i = 1 and 2, if Y denotes the hyperelliptic curve ramified over the union of the branch loci of h 1 and h 2 , then there is anétale double covering X → Y whose Prym variety in JX is isomorphic (as principally polarized abelian varieties) to the product of Jacobians JX 1 × JX 2 .
Our main result is a generalization of Mumford's theorem. In order to state it, we need to recall some facts of [2] . In that paper we started with a smooth projective curve Z with action by a finite group G such that Z/G ≃ P 1 . Then we associated to a set of pairwise non-isomorphic irreducible rational representations and a subgroup H of G satisfying some additional properties, a Prym-Tyurin variety P in JX with X = Z/H. We say that this construction of the Prym-Tyurin variety is a presentation of P with respect to the action of the group G, of the subgroup H and the set of representations.
For a more precise statement see Theorem 2.2 below and the subsequent definition. To state our result, we also need the following definition.
Let π : Z → Y be a Galois covering with Galois group G and let C 1 , . . . , C t be pairwise different conjugacy classes of cyclic subgroups of G. We define the geometric signature of the covering π to be the tuple [γ, (C 1 , s 1 ), . . . , (C t , s t )], where γ is the genus of the quotient curve Y , the covering has a total of t j=1 s j branch points in Y and exactly s j of them are of type C j for j = 1, . . . , t; that is, the corresponding points in its fiber have stabilizer belonging to C j . Using this terminology, our first result can roughly be stated as follows. )] and the branch loci of the corresponding coverings are disjoint in P 1 . Assume that we are given a presentation of a Prym-Tyurin variety P i (with the same exponent q) with respect to the action of G on Z i , a subgroup H and a set of non-trivial rational representations. Then (a): the induced action of the group G 2 := G × G on the fibre product Z := Z 1 × P 1 Z 2 defines a Prym-Tyurin variety P in the Jacobian J(Z/H 2 ) of exponent q = [G : H]q; (b): under mild additional assumptions, P ≃ P 1 × P 2 (isomorphic as principally polarized abelian varieties).
For a more precise version of this theorem see Theorems 3.3 and 3.6. In [2] we showed that almost all known Prym-Tyurin varieties admit presentations in the above sense. Moreover, it is easy to find presentations of Prym-Tyurin varieties of exponent 1 (which are Jacobians according to the Theorem of Matsusaka-Ran) and exponent 2 (which essentially are classical Prym varieties according to a Theorem of Welters). In particular, this gives the above mentioned sufficient criterion for a product of Jacobians to be a subvariety of a Jacobian. Hence Theorem 1.1 can be considered as a generalisation of Mumford's Theorem mentioned above. It should be noted that the special case of our proof in Mumford's situation is different from Mumford's original proof (see Example 3.7 and Corollary 3.9 below).
In the second part of the paper we work out an explicit example, which was, in fact, the starting point of this paper. In [4] a Prym-Tyurin variety of exponent 3 was associated to everyétale degree 3 covering Y of a hyperelliptic curve Y , such that the Galois group of its Galois closure over P 1 is S 3 × S 3 , where S 3 denotes the symmetric group of degree 3. Solomon generalized in [6] this construction to define a Prym-Tyurin variety for every group S n × S n . Since S 3 coincides with the dihedral group D 3 of order 6, one might ask whether there is also a generalization of the construction of [4] to D n × D n . We show in the second part of the paper that this is in fact the case, at least for D p with p an odd prime. The construction certainly also generalizes to the group D n , however we restrict ourselves to a prime number, since the group theory of an arbitrary D n is more complicated.
Let p be an odd prime number, and consider anétale p-fold covering Y → Y of a hyperelliptic curve Y of genus g, such that the Galois closure of the composed map
Then the fibre product
is a smooth projective curve. Here Y (2) and Y (2) denote the second symmetric product of Y and Y and P 1 → Y (2) is the canonical embedding of the g 1 2 of Y . We define an effective symmetric fixed-point free (p − 1)
2 -correspondence D on X whose associated endomorphism γ D ∈ End(JX) satisfies the equation
This gives part (a) of the following theorem (see Corollary 6.2). Theorem 1.2. (a): D defines a Prym-Tyurin variety P of exponent p in the Jacobian JX. (b): There exist smooth projective curves X 1 and X 2 whose fibre product over P 1 is X, and such that
isomorphic as principally polarized abelian varieties.
This can be proven directly, which was our first approach. Then we realized that this is a special case of Theorem 1.1. In fact, one can associate to the data the curves X 1 and X 2 in a canonical way, such that X = X 1 × P 1 X 2 . Moreover it turns out that the Kanev correspondence, associated to the correspondence of Theorem 1.1, coincides with the correspondence D (see Proposition 6.1). So Theorem 1.1 implies Theorem 1.2.
In the last part of the paper we compute the isogeny decomposition of the Jacobian of the curve X of Theorem 1.2. Let X be as above. The Galois group of the Galois closure Z over P 1 is the group D , of a hyperelliptic curve Y , all of them subcovers of Z by explicitly given subgroups of D 2 p , such that
where ∼ denotes isogeny and P ( Y j /Y ) denotes the (generalized) Prym variety of the covering Y j → Y .
Throughout the paper we work over the field of complex numbers.
Preliminaries
In this section we recall the main result of [2] . Let G be a finite group. In order to fix the notation, we recall some basic properties of representations of G. For any complex irreducible representation V of G, we denote by χ V its character, by L V its field of definition and by
We call V a complex irreducible representation associated to W. Let W 1 , . . . , W r denote nontrivial pairwise non-isomorphic rational irreducible representations of the group G with associated complex irreducible representations V 1 , . . . , V r . In our applications r will be either 1 or 2. We make the following hypothesis on the W i and a subgroup H of G. 
Hg ij are the decompositions of G into double cosets, and of the double cosets into right and left cosets of H in G. Moreover, we assume g 11 = 1 G . Now let Z be a (smooth projective) curve with G-action and π H : Z → X := Z/H. In [2] we defined a correspondence on X, which is given by
for all x ∈ X and z ∈ Z with π H (z) = x, where
is an integer for i = 1, . . . , d. Let δ D denote the endomorphism of the Jacobian JX associated to the correspondence D. We denote by
the image of the endomorphism δ D in the Jacobian JX and call it the (generalized) Prym variety associated to the correspondence D. Setting 
where G j is a subgroup of G of class C j and
Then P D is a Prym-Tyurin variety of exponent q in JX.
Furthermore, we showed in [2, Section 4.4],
and (2.5)
In the sequel we will use the following definition: We say that the construction of the Prym-Tyurin variety P = P D of Theorem 2.2 is a presentation of P with respect to the action of the group G, the subgroup H and the set of representations {W 1 , . . . , W r }.
The construction
In this section we show how to construct new Prym-Tyurin varieties out of given ones. As above let G be a finite group. For i = 1, 2, let Z i denote a smooth projective curve, on which G acts with geometric signature [0; (C 1 , s
1 denote the corresponding covering maps. Then we consider the product group
For any subgroup H of G, we denote
are considered as conjugacy classes of cyclic subgroups of G 2 for ℓ = 1 and 2.
Lemma 3.1. Suppose the branch loci of h i :
Then the fibre product Z := Z 1 × P 1 Z 2 is a smooth projective curve, Galois over P 1 with Galois group G 2 and geometric signature
Proof. This is elementary. The branch loci being disjoint implies that Z is smooth and classical Galois theory implies that Z is Galois over P 1 with Galois group G 2 . The last statement is clear from the definitions. Now let H be a subgroup of G and consider X 1 := Z 1 /H and X 2 := Z 2 /H. Clearly the curve X := Z/(H × H) is the fibre product of X 1 and X 2 over P 1 ,
and we have the following diagram, where the maps are the obvious ones.
u u j j j j j j j j j j j j j j j
In the rest of this section we change slightly the notation for the geometric signature, for the sake of simplicity. Let C 1 , . . . , C t denote all conjugacy classes of nontrivial cyclic subgroups of G. Then in the tuple [0; (C 1 , s 1 ), . . . , (C t , s t )] a number s j will be 0 precisely if there is no branch point of type C j . Before constructing a Prym-Tyurin variety using the action of G 2 on Z, we need the following Lemma for which use the following notation. For i = 1 and 2 let D i denote the correspondence on the curve X i defined in (2.1) for the group G with respect to the subgroup H and the representations W 1 , . . . , W r . Similarly let D denote the correspondence on the curve X defined in (2.1) for the Group G 2 with respect to the subgroup H 2 and the representations
. . , r, where V 0 denotes the trivial representation of G. Then we have
For simplicity we assume r = 1 and write W = W 1 etc. The proof for the general case is the same, only notationally more complicated.
Set d = |H\G/H| and {g ij :
. . , n k } are representatives of both left and right cosets of H 2 in G 2 . According to (2.1) we have
for all x ν ∈ X ν , where z ν ∈ Z ν is a preimage of x ν , 1 ≤ ν ≤ 2, and where
is the same integer for both
On the other hand, according to (2.1) we have for D,
with z 1 and z 2 as above,
Inserting the last equations into (3.3) and comparing with (3.2) we deduce 
for i = 1, 2, where G j is a subgroup of type C j and q = |G| b · n . Furthermore assume that the branch loci of Z i → P 1 are disjoint in P 1 . Then the action of the group G 2 on the curve Z defines a Prym-Tyurin variety P in the Jacobian JX of exponentq = [G : H] q and dimension
Proof. First note that Hypothesis 2.1 is satisfied for the subgroup H 2 of G 2 and the
for all i and j. The maximality of H × H with respect to this property is a consequence of the fact that for every W j both representations W j ⊗ V 0 and V 0 ⊗ W j occur in ρ G×G H×H . First, we need to compute the exponentq this data determines. In order to do that, we need to compute the greatest common divisor b of the differences between the first coefficient b 1 of D with the others. Using Equations (3.3), (3.4) and (3.5) of Lemma 3.2 we obtain that b 1 = 2|H|a 1 , The rest of the coefficients of D are of the following types |H|(a 1 + a j ) or 2|H|a j therefore the differences are of the following types
hence the corresponding greatest common divisor b is |H| times the corresponding one b for one copy of G. The new exponent is then computed as
Now, the assertion follows from Theorem 2.2 as soon as we show that (3.7)
where G ℓ j is of class C ℓ j with C ℓ j as in Lemma 3.1. To see this, observe that
It now follows from (3.8) and (3.9) that the left hand side of (3.7) equals [G : H] times the sum with i = 1 and i = 2 of the left hand side of (3.6). But these are zero by assumption, which implies the assertion. Finally, the computation of the dimension is a consequence of equation (2.4).
For our main applications we need only the following special case of the above theorem. Suppose that the action of G on Z i has geometric signature [0; (C 1 , s
, and satisfies equation (3.6) with r = 1 for i = 1 and 2. Furthermore assume that the branch loci of Z i → P 1 are disjoint in P 1 . Then the action of the group G 2 on the curve Z defines a Prym-Tyurin variety P in the Jacobian JX of exponentq = [G : H]q and dimension
Remark 3.5. One could generalize Theorem 3.3 to an n-fold self-product G n of G, a subgroup H of G and n Galois coverings h i : Z → P 1 with Galois group G and pairwise disjoint branch loci in P 1 . We omit the details.
The fact that the Prym-Tyurin variety P is constructed via a product of groups suggests that it is a product of Prym-Tyurin varieties, and in fact, this is the case, as we will show in the next theorem. Let the notation be as in
Proof. The map q * 1 + q * 2 : JX 1 × JX 2 → JX is an isogeny onto its image. According to Lemma 3.2 it maps P 1 × P 2 into P . From equation (2.4) and Theorem 3.3 we get dim(P 1 × P 2 ) = dim P.
Hence q * 1 + q * 2 induces an isogeny P 1 × P 2 → P . Now, since the maps q i : X → X i do not factorize via a cyclicétale covering, the canonical polarization of JX induces a polarization of the same type on P and P 1 × P 2 , namely the ([G : H] · q)-fold of a principal polarization. This implies that q * 1 + q * 2 : P 1 × P 2 → P is an isomorphism. Example 3.7. As a first example consider the cyclic group G = Z 2 of order 2. There is only one nontrivial rational irreducible representation, the alternating representation W. It certainly satisfies Hypothesis 2.1 for the trivial subgroup H = {0}. For i = 1 and 2 let X i be a hyperelliptic curve of genus g X i . We assume that the hyperelliptic coverings f i : X i → P 1 have disjoint branch loci in P 1 , so that we are in the situation of diagram (1.1). The fibre product X = X 1 × P 1 X 2 is Galois over P 1 with Galois group the Klein group G 2 , so that in diagram (3.1) the curves Z = X and Z i = X i coincide. Moreover the group G acts on X i with geometric signature [0; (G, 2g X i + 2)] and satisfies equation (2.3) with q = 1. So the Prym-Tyurin variety of the action coincides with the Jacobian JX i . Moreover the assumptions of Theorem 3.3 are fulfilled and we obtain a Prym-Tyurin variety P of exponent 2 for the group G 2 in the Jacobian JX. Let K denote the third subgroup of G 2 , i.e. K = {(0, 0), (1, 1)} and denote . From this we conclude that the double covering X → Y isétale. In fact, if x ∈ X is a branch point of the covering X → P 1 , it cannot be one of X → Y , since Stab G 2 (x) ∩ K = {(0, 0)}. It follows that Y → P 1 is a double covering ramified in all 2(g X 1 + g X 2 ) + 4 points, which means that Y is hyperelliptic of genus g X 1 + g X 2 + 1.
(b): First note that the Prym variety of the covering X → Y is given by the correspondence 1 − ι, where ι is the involution on X with quotient Y . Hence ι is given by the element (1, 1) of G 2 . On the other hand, the Prym-Tyurin variety P for the action of G 2 is defined by the correspondence D (see (2.1)) constructed using the sum of the representations W 1 = W ⊗ V 0 and W 2 = V 0 ⊗ W of G 2 , where V 0 and W are the trivial and the alternating representation of G respectively. We have then H 2 = {(0, 0)}, the trivial subgroup of G 2 , and the double coset representatives are just the elements of G 2 , i.e. g 11 = (0, 0), g 21 = (1, 0), g 31 = (0, 1), g 41 = (1, 1). They are also the left and right coset representatives of H 2 in G 2 . By definition, we have for i = 1, . . . , 4,
which gives b 1 = 2, b 2 = b 3 = 0 and
Hence the correspondences coincide, which implies the assertion.
As an immediate consequence of Theorem 3.6 and Proposition 3.8 we obtain:
Corollary 3.9. (Mumford) Let X i be a hyperelliptic curve of genus g i for i = 1 and 2, whose hyperelliptic coverings have disjoint branch loci in P 1 . Let X = X 1 × P 1 X 2 and Y the hyperelliptic curve ramified over all branch points of X 1 and X 2 . Then the natural map X → Y is anétale double covering whose Prym variety is isomorphic to JX 1 × JX 2 as principally polarized abelian varieties.
The Main Example
Given two Prym-Tyurin varieties of exponent q presented with respect to the same group G, subgroup H and rational irreducible representations, but with group actions with disjoint branch loci, Theorem 3.3 gives a new Prym-Tyurin variety of exponent [G : H] · q. Hence every Prym-Tyurin constructed with a presentation with respect to a group action (and these are almost all such varieties known up to now, see [2] ) gives a new one. We will only give one example, which we think is interesting, since it arises also from a completely different geometric construction, as we shall see in the next section.
Let p be an odd prime and
the dihedral group of order 2p. Any complex irreducible representation V of degree two of D p is defined over the field K V = Q(ζ + ζ −1 ), where ζ denotes a p-th root of unity. The Galois group Gal(K V /Q) is cyclic of order p − 1 2 , and the associated rational irreducible representation W is of degree p − 1 and given by 
Moreover, Hσ i H = Hσ j H if and only if σ i ∈ Hσ j H = {σ j , τ σ j , σ j τ, τ σ j τ = σ −j }. We conclude that Hσ i H = Hσ j H if and only if i = j or i = p − j. This implies that a set of double coset representatives for H in G is given by
Therefore,
and for i = 2, . . . ,
We conclude
Consider G 1 = H as a representative of the conjugacy class C 1 , then we have that
and G 1 is a maximal subgroup with this property. It remains to show that equation (2.3) is satisfied for q = 1. In fact,
The assertion now follows from Theorem 3.3.
As an immediate consequence of Proposition 4.1, Corollary 3.4 and Theorem 3.6 we obtain 
Then the action of the group G 2 on the curve Z defines a Prym-Tyurin variety P in the Jacobian JX of exponent p and dimension
In the sequel we use the following presentation of
So σ 1 , τ 1 generate the first factor and σ 2 , τ 2 generate the second factor of D 2 p . Then, with H 2 = τ 1 , τ 2 , we have
Moreover, consider the following quotient curves of Z:
Then we have the following diagram with the degrees of the maps as indicated: 
Proof. This is a consequence of the subgroup structure of the group D p . Then Y is (isomorphic to) one of the curves Y j of diagram 4.1. In particular it determines the curves Z 1 and Z 2 of that diagram uniquely and X, X 1 and X 2 uniquely up to conjugacy.
5.Étale p-fold coverings of hyperelliptic curves
In this section we give a geometric construction of the p-fold coverings X 1 and X 2 of diagram 4.1 in terms of the covering f : Y → Y . 
Define the curve X as the following fibre product,
Here Y (2) and Y (2) denote the second symmetric product of Y and Y . In order to work out conditions for X to be smooth and irreducible, we need some notation.
Fix a point z 0 ∈ P 1 \ B h and let γ i denote the class of a path at z 0 going once around a i clockwise as usual, then the fundamental group of
If ι is the hyperelliptic involution of Y , we denote
where t 1 , t 2 , . . . , t p are disjoint transpositions. But not all such products can occur. In fact, if we identify for i = 1, . . . , p,
then we have the following lemma, the proof of which is obvious.
is an imprimitive transitive subgroup of imprimitivity degree p of S 2p and (2) µ(γ i ) = t 1 t 2 · · · t p with disjoint transpositions t i of the form (j p + k) with 1 ≤ j, k ≤ p.
Finally, if we denote for i, j = 1, . . . , p,
. . , p}, with π : X → P 1 from Diagram 5.1. Now consider the group G ⊂ S 2p generated by
where ϕ 1 , ϕ 2 generate the first factor D p and ϕ 3 , ϕ 4 the second.
Proof. Obviously all ϕ i 's are of order 2. Moreover we have the following relations:
Hence ϕ 1 , ϕ 2 and ϕ 3 , ϕ 4 are both groups isomorphic to D p . Moreover, one easily checks that ϕ 1 and ϕ 2 commute with ϕ 3 and ϕ 4 , which completes the proof. Proof. The stabilizer of the element P 11 = x 1 + y 1 of the fibre π −1 (z 0 ) of the map π : X → P 1 is the group G P 11 = ϕ 1 , ϕ 3 , which is Klein's group of 4 elements. Since G is of order 4p
2 , this means that G acts transitively on the set {P ij | i, j = 1, . . . , p} implying that X is irreducible. The proof of the fact that X is smooth is a slight generalization of the proof of [1] , Lemma 12.8.1. (see also [4, Lemma 3.1] , where the special case p = 3 is proved). For this fix a point z 0 ∈ U := P 1 \B h and denote the fibre π −1 (z 0 ) = {P ij | i, j = 1, . . . p} as in equation (5.4). Moreover we use the notation
Then in the fibre π −1 (z 0 ) the correspondence D is defined by
We extend D z 0 to a correspondence D U on π −1 (U) in the usual way (see e.g. [4, Section 3]) as follows: We enumerate the x i and y j in such a way that the stabilizer of P 11 is the group , n 1 = 1 and n i = 2 for i ≥ 2 (see proof of Proposition 4.1), this induces a G-equivariant bijection
. . p} to be described in the proof of Proposition 6.1. Then for every point z ∈ U choose a path γ z in U connecting z and z 0 . The path defines a bijection µ : π −1 (z) → π −1 (z 0 ) = {P 11 , . . . , P pp } in the following way: For any x ∈ π −1 (z) denote byγ x the lift of γ z starting at x. If P ij ∈ π −1 (z 0 ) denotes the end point ofγ x , define
Finally, define D to be the closure of D U in X × X.
Proposition 5.5. D is a correspondence on X.
In the next section we will see that D coincides with the Kanev correspondence associated by the correspondence D defining the Prym-Tyurin variety P of Proposition 4.2. In particular D is an effective symmetric fixed-point free correspondence whose associated endomorphism γ D on the Jacobian JX satisfies the equation
Of course it is easy to see this also directly.
Proof. We have to show that the definition of D U is independent of the choice of the paths γ z . For this it suffices to show that D U is invariant under the action of
commutes for 1 ≤ k ≤ 4. In fact, for ϕ 1 we have
For the other ϕ k the proof is similar, using
Example 5.6. In the special case p = 3 the curve X coincides with the corresponding curve in [4] . Moreover we have
This is just the correspondence of [4] . Hence our construction of Prym-Tyurin varieties is a generalisation to arbitrary odd prime p of the Prym-Tyurin varieties of [4] for p = 3. Recall from [2] that for a general D as in equation (2.1), we constructed a correspondence K D , called the associated Kanev correspondence, which is effective, symmetric, fixed-point free and whose associated endomorphism γ K D satisfies the equation γ
Moreover, in terms of K D the associated Prym-Tyurin variety P is given by
Now let the notation be as in Section 5. In particular Z is a Galois covering of P 1 with Galois group D Proof. For the proof we show that the right hand side of (6.1) in this special situation is equal to the right hand side of (5.6) under the identifications given below.
For this we recall the notations. The underlying group is G 2 = D p ×D p with generators of the two factors σ i of order p and τ i of order 2 for i = 1 and 2. We are considering the representations W ⊗ V 0 and V 0 ⊗ W, with W as in Proposition 4.1. Therefore here r = 2.
We need to collect some of the previous results for G = D p and its subgroup H = τ from Proposition 4.1:
• the double cosets representatives for H\G/H we consider are σ i−1 , with i = 1, . . . , We now work out the induced representatives and coefficients for the correspondence for G 2 = D p × D p and its subgroup H 2 = τ 1 × τ 2 on the curve X.
with u and v such that u + v ≡ r + s + ℓ mod p and u − v ≡ r − s + k mod p. Inserting this in (6.1), we obtain K D (P ij ) = (k,l)∈I ij P kl , which completes the proof of the proposition.
As an immediate consequence of Propositions 4.2 and 6.1 we obtain There exist curves X 1 and X 2 over P 1 , whose fibre product over P 1 is X such that
as principally polarized abelian varieties.
Decomposition for the Jacobian of X
Let the notation be as in Section 4. So we are given the curve Z = Z 1 × P 1 Z 2 with D For the proof we use some results of [3] which we recall first: For a given finite group G, let Z → P 1 denote a Galois covering with Galois group G, H a subgroup of G and Z H := Z/H. To every rational irreducible representation W of G one can associate an abelian subvariety B W of the Jacobian JZ which is uniquely determined up to isogeny. Let By direct computation of the character product using Frobenius reciprocity, one shows ρ H 2 , U j = 1 for all j. Finally, as the sum of the degrees of these representations is the degree of ρ H 2 , we get the result. The proofs of the other assertions are similar. 
This completes the proof of the theorem.
